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Abstract
For c > −1, let νc denote a weighted radial measure on C normalized so that νc(D) = 1. If f is harmonic and integrable
with respect to νc over the open unit disc D, then
∫
D(f ◦ ψ)dνc = f (ψ(0)) for every ψ ∈ Aut(D). Equivalently f is invariant
under the weighted Berezin transform; Bcf = f . Conversely, does the invariance under the weighted Berezin transform imply the
harmonicity of a function? In this paper, we prove that for any 1  p < ∞ and c1, c2 > −1, a function f ∈ Lp(D2, νc1 × νc2)
which is invariant under the weighted Berezin transform; Bc1,c2f = f needs not be 2-harmonic.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Let D be the unit disc in C and ν be the Lebesgue measure on C normalized to ν(D) = 1. For c > −1, we define
a finite measure νc on C by dνc(z) = (c + 1)(1 − |z|2)c dν(z) so that νc(D) = 1. If a function f ∈ L1(D,νc) is
harmonic, then f ◦ ψ is also harmonic for every ψ ∈ Aut(D). Thus f satisfies a mean value property∫
D
(f ◦ ψ)dνc = f
(
ψ(0)
)
for every ψ ∈ Aut(D), (1.1)
which is equivalent to saying that
∫
D
(f ◦ ϕz) dνc = f (z) for every z ∈ D, where ϕa ∈ Aut(D) is defined by ϕa(z) =
a−z
1−a¯z . Now for c > −1, f ∈ L1(D,νc) and z ∈ D, we define Bcf the weighted Berezin transform of f by
(Bcf )(z) =
∫
D
(f ◦ ϕz) dνc.
And then we can recast the mean value property (1.1) in terms of the weighted Berezin transform so that f ∈
L1(D,νc) satisfies (1.1) if and only if Bcf = f . Conversely, one can ask whether a function f on D satisfying
(1.1) has to be harmonic. Furstenberg [8,9] proved that f ∈ L∞(D) satisfying (1.1) is harmonic. Indeed, his re-
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weighted Berezin transform is harmonic with respect to the intrinsic metric. Later, Benyamini and Weit [5], Engliš [6]
provided different proofs of Furstenberg’s result in the unit disc in C. Ahern, Flores and Rudin [1] proved that on an
n-dimensional complex unit ball Bn, an integrable function which is invariant under the (unweighted) Berezin trans-
form isM-harmonic if and only if n  11. Influenced by the work of [1], Korányi [11], Ben Natan and Weit [3,4],
Jevtic´ [10], Liu and Shi [12] investigated the dependency of dimension of various domains such as hyperbolic spaces,
symmetric spaces of rank one, Euclidean space Rn when (1.1) type of invariant mean value property characterizes the
harmonicity of functions. This paper is about a weighted Berezin transform in the polydisc Dn and functions which
are invariant under the weighted Berezin transform in Dn for n  2. However, just for the notational simplicity, we
limit our proof to the case n = 2 even though the results and proofs in this paper remain unchanged for the general
n 2 dimensional polydisc case.
For c1, c2 > −1 and f ∈ L1(D2, νc1 × νc2), we define the weighted Berezin transform Bc1,c2f on D2 by
(Bc1,c2)f (z,w) =
∫
D
∫
D
f
(
ϕz(x),ϕw(y)
)
dνc1(x) dνc2(y).
A function f ∈ C2(D) with Δ1f = Δ2f = 0 (i.e., harmonic in each variable) is called 2-harmonic [13, Defini-
tion 2.1.1]. If f ∈ C2(D) 2-harmonic, then just as the case in one complex variable we see that Bc1,c2f = f for
every c1, c2 > −1 and conversely, from the theorem of Furstenberg, it is already known that if f ∈ L∞(D2) satisfies
Bc1,c2f = f for some c1, c2 > −1, then it is 2-harmonic. Here, we prove that when 1 p < ∞ the result is complete
different. Here is our main theorem.
Theorem 1.1. For every 1  p < ∞ and c1, c2 > −1, there exists f ∈ Lp(D2, νc1 × νc2) which is not 2-harmonic,
but satisfies Bc1,c2f = f .
We give the proof of Theorem 1.1 in Section 3. Also in Section 3, we introduce a condition on which functions
invariant under the weighted Berezin transform in the polydisc are n-harmonic. Before proving the theorem we need
some preliminaries.
2. Preliminaries
Here we mention some preliminaries on related function theories in the unit disc D.
For f ∈ C2(D), Δ˜f the invariant Laplacian of f is defined by Δ˜f (z) = (1 − |z|2)2Δf (z).
And for λ ∈ C, we define the space of eigenfunctions Xλ = {f ∈ C2(D): Δ˜f = λf }.
If f ∈ Xλ, then the radialization Rf (z) = 12π
∫ 2π
0 f (ze
iθ ) dθ also belongs to Xλ, and Rf is a constant multiple of
the radial function
gα(r) = 12π
2π∫
0
(
1 − r2
|1 − reiθ |2
)α
dθ,
where λ and α satisfy the relation λ = −4α(1 − α) [14, Theorem 4.2.3].
For c > −1, 1 p < ∞ and λ,α ∈ C with λ = −4α(1 − α), it is easily checked that
Xλ ∩ Lp(D,νc) = {0} if and only if gα ∈ Lp(D,νc)
since the radialization carries Xλ ∩ Lp(νc) into itself. Also by an easy calculation using 1.4.10 of [14] or Proposi-
tion 3.2 of [1], we get gα ∈ Lp(D,νc) if and only if − c+1p < Reα < 1 + c+1p .
Now we define for each c > −1, 1 p < ∞,
Σc,p =
{
α ∈ C
∣∣∣−c + 1
p
< Reα < 1 + c + 1
p
}
.
Then Σc,p is open regions and Xλ ∩Lp(D,νc) = {0} if and only if α ∈ Σc,p . Now we introduce a lemma which plays
an important role in the proof of Theorem 1.1.
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D
gα dνc = (c + 1 + α)(c + 2 − α)
(c + 1)(c + 2) .
And the function hc , defined by hc(z) = (c+1+z)(c+2−z)(c+1)(c+2) , is holomorphic in Σc,p .
Proof. We use the formula
(1 − z)−α =
∞∑
k=0
(k + α)
k!(α) z
k
and polar coordinates together with the fact that gα is a radial function to obtain:
∫
D
gα dνc =
1∫
0
2(c + 1)r(1 − r2)c+α 1
2π
2π∫
0
1
|1 − reiθ |2α dθ dr
=
1∫
0
2(c + 1)r(1 − r2)c+α 1
2π
2π∫
0
(
1 − reiθ )−α(1 − re−iθ )−α dθ dr
= (c + 1)
∞∑
k=0
2(k + α)
(k!)22(α)
1∫
0
(
1 − r2)c+αr2k2r dr
= (c + 1)
∞∑
k=0
2(k + α)
(k!)22(α)
1∫
0
(1 − t)c+αtk dt
= (c + 1)
∞∑
k=0
2(k + α)
(k!)22(α)
(c + 1 + α)(k + 1)
(c + k + 2 + α)
= (c + 1)
c + 1 + αF(α;α; c + 2 + α;1) (F is the hypergeometric function)
= c + 1
c + 1 + α
(c + 2 + α)(c + 2 − α)
2(c + 2)
(
by the identity 2.1.3, (13) of [7, p. 61])
= (c + 1 + α)(c + 2 − α)
(c + 1)(c + 2) .
To prove that hc is holomorphic in Σc,p , we use the identity 1(z+1) = e−γ z
∏∞
j=1(1 + z/j)e−z/j , to get
1
hc(z)
= (c + 1)(c + 2)
(c + 1 + z)(c + 2 − z) =
∞∏
j=1
(
1 + z(1 − z)
(j + c)(j + c + 1)
)
,
which is an entire function whose zeros are {j + c + 1,−j − c | j ∈ N}, none of which are in Σc,p . Hence hc is
holomorphic in Σc,p and this completes the proof of the lemma. 
3. Proof
Here we give a proof of Theorem 1.1 and then introduce a proposition whose condition implies functions invariant
under the weighted Berezin transform in the polydisc are n-harmonic. First we introduce some definitions.
Definition 3.1. We define Δ˜1, Δ˜2 as the invariant Laplacians with respect to the first and second variable, respectively,
i.e. for f ∈ C2(D2), (Δ˜1f )(z,w) = (1 − |z|2)2(Δ1f )(z,w) and (Δ˜2f )(z,w) = (1 − |w|2)2(Δ2f )(z,w).
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Xλ,μ = {f ∈ C2(D2) | Δ˜1f = λf and Δ˜2f = μf }.
From the above definition and by the same argument as in Section 2, for c1, c2 > −1 and 1  p < ∞, we get
Lp(D2, νc1 × νc2) ∩ Xλ,μ = {0} if and only if α ∈ Σc1,p and β ∈ Σc2,p.
Proof of Theorem 1.1. Let c1, c2 > −1 and 1  p < ∞. Suppose f ∈ Xλ,μ ∩ Lp(νc1 × νc2), then by 4.2.4 of [14]
we have∫
T
f
(
ϕz(rη),ϕw(tξ)
)
dσ(η) = gα(r)f
(
z,ϕw(tξ)
)
,
where T is the unit circle and σ is the rotation invariant, positive Borel measure on T with σ(T ) = 1. Thus by
repeating the previous argument, we get∫ ∫
T 2
f
(
ϕz(rη),ϕw(tξ)
)
dσ(ξ) dσ (η) = gα(r)gβ(t)f (z,w).
Using polar coordinates and by Lemma 2.1, we get∫ ∫
D2
f
(
ϕz(x),ϕw(y)
)
dνc1(x) dνc2(y)
=
1∫
0
1∫
0
2(1 + c1)r
(
1 − r2)c12(1 + c2)t(1 − t2)c2
∫ ∫
T 2
f
(
ϕz(rη),ϕw(tξ)
)
dσ(η)dσ (ξ) dr dt
=
1∫
0
2(1 + c1)r
(
1 − r2)c1gα(r) dr
1∫
0
2(1 + c2)t
(
1 − t2)c2gβ(t) dt · f (z,w)
=
∫
D
gα dνc1
∫
D
gβ dνc2 · f (z,w)
= hc1(α)hc2(β) · f (z,w),
where hc(z) = (c+1+z)(c+2−z)(c+1)(c+2) and α ∈ Σc1,p , β ∈ Σc2,p.
By Lemma 2.1, we see that hc1 and hc2 are holomorphic in Σc1,p and Σc2,p respectively, with hc1(1) = hc2(1) = 1.
Thus by the open mapping theorem for a holomorphic function, we can choose an open disc D(1; ) satisfying
D(1; ) ⊂ Σc1,p ∩ Σc2,p , and hc1(D(1; )) ∪ hc2(D(1; )) ⊂ Σc1,p ∩ Σc2,p. And since hc1(D(1; )) ∩ hc2(D(1; ))
is an open neighborhood of the point z = 1, it contains an arc of the unit circle around z = 1, namely Lδ = {eiθ |
−δ < θ < δ} which consists of {hc1(α),hc2(β)} with uncountably many pairs of (α,β) ∈ Σc1,p × Σc2,p satisfying
hc1(α) = 1/hc2(β). Therefore, there are infinitely many (λ,μ)′s such that f ∈ Xλ,μ ∩Lp(νc1 × νc2) and Bc1,c2f = f.
This completes the proof of the theorem. 
Next proposition gives a condition on which functions invariant under the weighted Berezin transform in the
polydisc are n-harmonic. This is a generalization of Lemma 2 of [2], which might be useful in the theory of commuting
Toeplitz operators. We give the proof when n = 2. Just as the case of function of one complex variable, for f ∈
L1(νc1 × νc2), we define the radialization of f by (Rf )(z,w) = 1(2π)2
∫ 2π
0
∫ 2π
0 f (ze
iθ ,weiξ ) dθ dξ .
Proposition 3.2. If f ∈ L1(D2, νc1 × νc2) satisfy Bc1,c2f = f and R(f ◦ψ) ∈ L∞(D2) for every ψ ∈ Aut(D2), then
f is 2-harmonic.
Proof. Let ψ(z1, z2) = (ψ1(z1),ψ2(z2)) for ψ1,ψ2 ∈ Aut(D).
First, we show that for every f ∈ L1(D2, νc × νc ), we get Bc ,c (f ◦ ψ) = (Bc ,c f ) ◦ ψ.1 2 1 2 1 2
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Thus
(
Bc1,c2(f ◦ ψ)
)
(z1, z2) =
∫
D
∫
D
f
(
ϕψ1(z1)
(
eiθ1x1
)
, ϕψ2(z2)
(
eiθ2x2
))
dνc1(x1) dνc2(x2)
= ((Bc1,c2f ) ◦ ψ)(z1, z2).
Now since R,Bc1,c2 are bounded on L∞(D2) with norm 1, by Fubini’s theorem we have
Bc1,c2
(
R(f ◦ ψ))= R(Bc1,c2(f ◦ ψ))= R((Bc1,c2f ) ◦ ψ)= R(f ◦ ψ).
Thus by the theorem of Furstenberg, R(f ◦ψ) is 2-harmonic, which means R(f ◦ψ) is constant. Therefore, we have
(f ◦ ψ)(0,0) = 1
(2π)2
2π∫
0
2π∫
0
(f ◦ ψ)(w1eiθ ,w2eiξ )dθ dξ for every w1,w2 ∈ D.
Now pick z1, z2 ∈ D and let ψ ∈ Aut(D2) be ψ = (ψ1,ψ2) = (ϕz1 , ϕz2). Then the above equality becomes
f (z1, z2) = 1
(2π)2
2π∫
0
2π∫
0
f
(
ϕz1
(
w1e
iθ
)
, ϕz2
(
w2e
iξ
))
dθ dξ for every w1,w2 ∈ D.
Now put w2 = 0, then by 4.2.4 of [14] we get Δ1f = 0. Likewise we also get Δ2f = 0. 
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